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When Contract NAS8-1528 expired on 30 September 1964 the UNC

Computation Center was involved in three computer-oriented studies and
two studies in the general field of differential equations. Specifi-
cally, these studies were: ;

i;lﬁ Extension and application of previously developed algo-
rithms for obtaining multi-variable approximations by
linear programming techniques.

II. Development of algorithms for performing symbolic math-
ematics by computer.

111I. Development of methods of determining best prediction
equations by linear programming.

IV. Control space studies.

V. Development of a linear algebraic forwmulation of the
time optimal and two-point boundary condition preblems.

At this time the Computation Center was encouraged to continue
{ts efforts in all of the above areas with the understanding that the
above contract was to be extended. On October 21 and722, 1965 Center
personnel attended on invitation, the Twentieth Technical Meeting at
MSFC between NASA-Marshall Space Flight Center and Contractor Reprg—
sentatives concerning "Guidance and Space Flight Theory" contracts.
An informal report was presented at the Large Computer Exploitation
Group Meeting concerning the work being performed by Dr. Clay C. Ross,
Jr. Verbal progress repérts were also made to designatéd contacts
on the NASA staff.

In December, 1964 a conference was held at NASA-Marshall Space
Flight Center concerning the future of this work. It was decided at
thet time that the Computation Center would no longer work in the areas

I, 111, IV, V listed above. The contract propcsal was modified so as




tc cover only digital computer applications to symbol manipulation prob-

.

lems and it was understcod that a new contract would be issued as socon
as possible. At this point all work was terminated except that involv-
ing problems of symbol manipulation.

Enclosure I summarizes the work completed in Control Space
studies at the time this work was terminated in December, 1964.

Enclosure 11 summarizes the wotrk completed on the development
cf a linear slgebraic formulation of the time optimal and two-point
boundary condition problems at termination in December, 1964.

Enclosure III summarizes the wurk completed on the development
cf methods for determining best prediction equations by linear program-
ming at termination in.December, 1964,

On Pebruary 3 and &4, 1965 Center personnel attended, on invit-
ation, the Twenty-first Technical Meeting at NASA-Marshall Space Flight
Center. Verbal progress reports on the studies being conducted in
mathematical symbol manipulation were made at this meeting.

Enclosures IV and V summarize the work completed on the prob-
lems of mathematical symbol mani{pulation by large-scale digital com-

puters from 1 October 1964 up to the issuance of the new contract,

. NASB-20106 od 22 April 1965. ,

et i

During the period 1 October 1964 and 21 April 1965 the follow-

ing man-hours were expended on the above efforts:

October, 1964 330.5 man-hours
November, 1964 31,4 =~
December, 1964 24,1 " 0"
January, 19€5 137.9 " "
February, 1965 137.¢ = ™
March, 1965 158.6 " "

April 1-21, 1965 g2.1 " v




Enclosure 1

CONTROL SPaCE

1. Susmary.
The control space is the set of all trajectories obtainable
using the available controls. In this study, it i{s asswmed that im add-
ition to the usual thrust angle conti-ol. there is amother control, D ,
e continuous functiom which permits the thrust to aseume values inter-
wediste to the on and off positions. It is shows that the addition of
D to the presant thrust-angle coutrol makes the associated comtrel
space couvex. Inferences are drawvn for the couvestional case that
D ® 1 (no reduction in rhrust); and physical implications of the results
are discussed. The flat earth problem {s assumed.

II. latroductiom.

In the coaventional flat earth problem it {» difficult teo
characterize the comtrel spece, because the available esatrel, disre-
garding choice of cutoff time enters the prebles fia sueh a nonlingar
way as to prevent the associsted space frem being esuvex.

In this paper it is asswmed that in sdditiem te ¢y , the com-
trol which determines the angle of rockat thrust, thers is s "thrust
baffle,” D , which permits the amount of thrust to be waried cemtin-
uously between its off position and its maxiswm valwe. D multiplies
the thrust, T , oo "off" correspeads to D = 0 , whareas "on” in the
conventional problem, er "maximum thrust" cerresponds te P = 1. It
is assumed that D dess met affect the rate of fusl esnsumption, altheagh
the results presemted are valid {f it {8, autn-tinly, ssoumsd that
the rate of fusl comsumption 1s preportiemal ts ths seatrvel D.

It is found thst the space of trajecteries ebtained from som-
trol pairs of the form (3,D) 1is convex.

Convexity in the comtrol spece is desirable for several res-
sons. Certain problems in guidance ars simplified, fer instance. Buwt
more i{mportaant, in the present countext, is that comwexnity ef the ml, ‘
space permits us (o glve &b slavesl ~vapieie aun:uuﬁutlon of the
trol space by computiag a fimite mmber of trajestoriqs which lie




the bowndary. Them at ecach time, t , the permissidle vebicle cveordi-
nates are contsined {a a polygea in l‘ dataruined by the compuled tra-
Jectories.

If the comtrol space {s convex, thea the "Oﬂ‘ eof all txa-
jectories which successfully cemplete the mission with cuteff tims, v .,
is also convex; and the density of such trajecteries st gives peints ia
the vehicle coordisate space can be casily cemputed. BSuch cenputatiens
would form the basis of a reliability study. It 1is sbvieusly dasiveble
to choose a trajectory such that the given missieon eam de swccesesfully
completed from all the vehicle coordinats peists im & fairly large
neighborhoed of that trajectory, and withewt grest less of time. Sines
the time-optimal trajectory {s unique, it is om the doumdary of the oea-
trol space; and 1t is by no means clear, 3 pripri, that s givea uissies
can be completed at all frem peints nsar the time optimal trajectery,
let alome within a feasible period of time. It may well be that with
only & slight sscrifice ia tims optimality, a grest imcresse im reli-
ability can be obtained. Oue of the purposes of this resesrch was te
facilitate such a sewdy.

III. MEetatiem.
1. If D 1is a continmsus function of tims, with vamge ths wmit

intearval, and o {5 & countimwcus fumction of tims which describes the
angle of thrust msde with the y-axis, thea the tvrejeectery

V= {x,y,u,v] assscisted vish the contrele {¢,0] setisfies the fol- ,
lowing differestisl equetien: )

1, a. #Me) = w(t)
b. #t) = w(e)
c. &(t) = D(t) T(t) sim @(t)
d. %) = B(c) T(t) ces g(t) - 3

2. Wa demete by cﬂ all the trajecteries satisfying equatisas
1,a,b,c,d. topether vith the fnitisl ceeditisms,
x(0) = y(0) = u(0) = v(0) = 0 , vhere {y,D} 1s an allewmble cemtrel.

3. Ve demete by C_ all the trajecteries sstisfying squations
IIL. 1,8,0,c,4. togother with end conditions W) = NY) , vhers P

i




is the parsbols im vehicle coordinate space on whieh she wehicls seer-
dinnte opees on vhich the vebicle completes its missien by wapswered
flight. (1) It should be moted that the fuitis] comditions are mot
specified for trajectories ia c, » for amy <t > 0; but rather the com-
dition is made that cuteff at time v will cause the vehicle ou amy
trajectory ia C' te redch the desired destinatiom.

&, Ws demote by com the set of points X {im R, (the wehi-
cle coordilluvcpccc) with the property that there is & trajectory W
in Co such that W(t) = X. If v>20,and O gt @v , ther c‘(t)
is the set of points X (in l‘ vith the preoperty that thevs is a

trsjectory, W, in c' such that W(t) = X,

5. We distingutish differsnt trajectories by uwee of swhscripts,
ané the associated components and contols will be given the same swb-
scripts. Thus, if p is s oumber, then Hp - {:’.y’,u'.vp} is the
tajectory associsted with the cestrol pair (.’.l’).

6. The set of trajectories which satisfy the {sitial comnditiemns
(I11,2) amd successfully ecomplete the missisn, with euSeff timse v ,
is c' n c’. .
If *J 1s the set of sllowable cuteff timss, thea the set
of all trajectories with which the nission 15 susesssfully cempleted
ie

ntufe, |+ D.

7. C., is the subspase of c‘ gensrated by ceantrols of the foem

0
(’ollt

Ev 1s the subsphes of C_ pomsrsted by somtrels of the form
(’01)- o .
Iv. mm

Suppese ssch of illn-iﬁz itamwhco(u cv)
ssd o 1s im (0,1). Ve wish o computs & ssutrel patr ('3.9’) wheos
sesociated trajectery 03 is such that

Uy = o, + (1 - )%, _ Q)

It 1s clesr that the iaitial (or cwteff) esnditions are satiw-
fled. B




The definiag equation for l)3 will be

p,() = [ o0, n? + (o (e)?

1/2 (2)
+ 2a (1-w) Dl(t)Dz(t) cos (Qx(t)-vz(t)»)] .

It is clear from inspecticn that the function ,D3 so defimsd
1{s wall-defined, and ceatinueus 1f Dl' Dz. ’1, and Qz are comtimmous.
The fumction %, 1s defined by the pair of equatioms:

{,nl(t)‘\ Aot
sin (m-,(t)) -y '\5;&—)—/? sin (¢1(t)) + (1-a) i—lz—y“ sin (vz(t)) (3a)
D) ' (c)
1 \
cos (@,(t)) = a === cos (9, (t)) + (1-@) J—j cos (9,(r)) ()
3 \hs(t)/ 1 \l,(t ) 2

It remains to he demoastrated that equatioas IV.3.a,b. define

a functiom 3 e and that the trajectery 93 ssseciated vith the coa-

trol (¢3,D3) does, in fact, satisfy equatiom IV.l.

It is clear that L) 1s defined by cquatioms IV.3.a,b. if
and only {f the sum of the squares of the functions on the Tight are
eoqual te oms, for each time t. Thus

- 2
La «5-:> sin @, + (1-9) '(;3‘ sin 'z]
D i
+ {q{;:)an L (1-@) @m 'lf
2 2
- '2 Gf") -u‘ LY + (l-‘)z @ utnz L
1 2
/:l .u" L (t-¢)z C;l{\ mz LY

)

' »
+ 22 (1-a) gli‘) (stn L *io g, + cos @, cos ‘l)
3

2
71 2 2 ?
- \3’\' [(“1) + ((x-q)nz) + 2a (i-c}l‘l: cos (Qi'.z)_}

-1 R for oach tims t.

e




Now when the defising equatiens for ﬂl + (l-uv)'l ave wig-

tex, we see that:
2 (o, + (1-0)w)) | (3a)
- ail + (I.-cl)iz
= nlr sia o+ (l-a)bzl' sin "
=D

3‘! chqs-n3 .

amnd since
au,(0) + (1-9)u,(0) = u, (0) = O

(or aulh) + (Iﬁ)uz(v) - ul(f) - uz(v) - uj(v) } ., ws have:

. .
4y aul + (1-a)u2

frivl + (l-ar)i2 (5%)

'”l'm'l* (l-a)ﬂz'r enﬁ
“NhTceeo =4 .,

and since

avl(O) + (!1)?2(0) - 13(0) =0
{or ml(f) + (1")'2(1) - '1(') - 12(1’) - v’(v) ) , wa hawve

ok + (1)) o, 4 (L), =yt (3¢)
o), + (1-e)}, = av, + (1-wdvy = vy = §, 34)

and {t follows that

ql; + (i-«)vz = 33

since both sides of equation IV.6. satisfy the sams bowndary cemditions.
Lastly we observe that D, $ 1 for every tims t: simce it is
assumed that D _ 81 , B il » oquatioa IV.2. fumadiately reandarve:

1 2




2. It |o-9,l $25° , than @

2 2
” («10l + (1«)32) £1 .

¥. Physical Inteypretption.
The techaiques used to comstruct the comtrel pair (1»3.!’) .

{n seciion IV, are elemencary. The fact that this ceatrol pair exists,
however, has considersable significance, inasmuch as the pair (Q")
does not act as & linear control, but the asscociated comtrol space {s
nevertheless convex.

Looking at ths sonventionsl problem, vhere D ® 1 for esch
D , we see thet {f W, and W, asre in EO (or im (‘.‘) thes a tra-

X 2

jectory "3 betwcen, and mot equal to, Hl and '1 is im co - %

{or {n cT - 5'); that s, it requires a dimimution of thrust te ob-

tain Uj.
Examples are illustrative. If Hl and Hz . are in éO . O
Ef , and '«'3 {for an arbitrsry choice of o 4in (0,1) s obtained

by the procedure givem in section IV, and:

1. it !"?"‘1‘%? s 8% ., then D, lies in the range .997 <D, &

1.00C , corresponding to baffling of less thams .31 fer all times, t.

y l1es fu the venge .97 < B, €

1.00 , corresponding to baffling of less than 3% fer all times, t.

Thus smeil amownts of thrust baffling have s premsuaced offect
on the comtrol space of the wvehicle. It may svestuslly be worthwhile
to study the possibilicy of actuwally addiag such a ssatre] as & cenvea-
ient way of iscreasiang the sanswversbility, mission flexibility, and
the reliability of cthe space Whicle--esvecially 1if sush s esntrel cea
be made fusl-ceuserwvative.

In eesc thase lset remarks are mot solf-euplanstery, we aete
that cemvexity fa the coutrel specs results frem the edditisa of nany
trajectories which are wnsbtaisshble at presemt. Alss, Chis eswvexity
should permit memy space-wvekicls guidance problems to be selved with
linear slgorithms, using precemputed trajectories, te cbtaia thesreti-
cally exact sclutioms. Siuce limssr algorithms ase wewally mere simple
thea others, they are scommmical ¢of cemputer time and msee accessidle
to small (sic: {nboard) computsrs, iam gemeral. 1If, alse, the ceutrel,
'l is nade fwel-conservative, then time eptimalily is ne leanger the
sole criterion fou hlmht eptinmalicy; oud 1t way be M
te choose 2 much Wmmtiu*mtm. ﬂﬂ
Iittle or mo eo:t in added fwal wm

i
|
i
;
;




VI. GCguclusigp.

Varicus ssseciated preblems are ovtstanding. The physical
msaning of the precediag resuits suggests thet at “ timg, ¢t , thewe
is & ene to one mapping ef éom {or é'(:) ., o I‘z) me o) )
outo a convex subeet of K, ; but ss of yet, mo oush mapping has dbeen
found. In practice, the control o will heve s bounded derivetive,
say || $3 . It {s wot clesr vhether the comtvel spses will remsias
convex when the bouad, B , 1s imposed on |§] , er 1f met, whether
the procedure in section IV can be apprepristely asdified se thet, for
iastance, co(t) is esuvex st cach time t (whieh doss mot imply that
¢ is cowwex). It has mot yet baen determined whather the reesits
extend to the more general cases under investigstiss. The structwre
of the space C, N (U (C_ | v67]) has not besn fuvestigated.

The Chapel Hill research on this problem was termimsted {a
ite incipient stages. The results presented here ware te hove beoa the
starting point for a (hepefully) thoreugh inwvestigstion of the prediem.
It is hoped that this paper will provide & wsaful beshground to the
pionl coutrel spece preblem, suggest & convanient and muui asan-
ingful mathematics]l dovies vith vhich to plose The posblem in & meve
tractable context, and aid im a physieal isterpretation of the reeults.

i .




Enclosure 11

1. INTRODECTION

In this paper, we outline a method for mtmj problem {in
differentisl syestems with non-linser centrols te & peebism {a limeer
algebra. The methed eam be applisd te obtain (pessibly ssa-eptimal)
sslutions of the twe-peint beundary comditien problem, snd elterne-
tively to obtain & time eptimal soletioca frem & kmeowa, msm-eptimal
sclution. The flst sarth problem ts .”-d.l

The mathed is imexact, and considerable recearch remains te be
done in measuring and impreving the accurscy of the appreximstiens

fawnlved. Accuracy is limited ealy by the sveilsble csmputer fasility;
but 1t is still requived te kasw hev 2o cbtain mexiomm officioncy with
the availadle computer faeility. Nscesreh 8o puwvide msse efficiont
(or more useful) selutions to the asseciated prediem in itinssr algebre
is desiradle aleo.

The mathod &s eutlined here, (ﬂj two fllustrative preblems, ineer-

porates two maia precedwres:

The first preceduse is to develop s set of agprepristely simple,

lissarly i{adependsas Sumecicns, A » oush that the desired eoutrel

fumction, ¢ , can be sscurstely spprexinnted by a linser cembisstien

of the y"a » muitiplied by apprepriste .constants q. H]

s ik

P




The secend precedume is b take & fusstiemal derivetive, wsing ver-
lational metheds; and them, by equating this derivative ¢s & divectiss
in which the trajestsry assecisted vith a semsuhet axbitrery startisg
fumction 18 to be parturbed, we obtsin a matrix fermmlatiss fer detec-
nining the desired esnstent C ‘s .

II. TEE VARIAYIONAL BERIVATIVE

Suppese thet w(t) 1s & given fusstisa of the angle of thruet
vith respect te timm. lst We.t) - (ﬂ.ct)c yly.t), wle.t), '(.e')}
be the sssecisted trajestery, dofined by the equatisws:

i({y.t) = wig,t)

#(w.t) = v(9.t)

b(v,t) = T sin (V)
Ho,t) T we oV - 8

tegether vith the inttiel valus We0) Wik ¥ commse when t=0.

Wen ¢ 1s o kaous funsticn, snd Wip,0) is spesified, the vaim
whigh Wio,t) tahes o ¥hem ¢t = ¢ eon be found by streightforwverd
istegretion:

L .
o) - Wo®) + [ Suteidede ;

Suppose sov thet X ond [ ore both buswa fumstions, WOL,Y) Dae
uwam;duummnmum-. v eof
Mxn--——tt.mcum.

Agpreuinating, e bowe:




m alwex,v) o) ® wexrer, o) - wex,w & o (4 wavor,n))

nnuom(m*mu)w“mcm'd e , feor

fimed [ .
Now,
alwtx,v) ] & o (L worog,
\de * >-o
“x(avoll, %)
d yOof,v)
™ |
(el ,v)
'Wo"/ o=0
| Io (v=0) T(e) oin (x(s)+al(e)) do
; jo (v-8) T(s) ocoe (X(0)+al(s)) do
d
- r‘ . |
5 Jf‘ T(s) ein (x(s)+of'(s)) de

v
. [, Mo) 0o atereorion) @ J

(vhere the tetms met fmwelviag o i-nh-m




v \
( [ 40 T cse o)) T(o) 0

: v '
- Jo (s(v-8) T(s) sin X(s)) I'(a) ds

\ 4
J'° (¢2(s) ces X(s)) T(a) do

v
- jo (¢2(s) sin X(e)) T(s) do ’
@) .
= A{W(x, 7))
Bquation II.2 defimss an sppreximsticn. It {s werth mstiang bere
that
) Alwon,v) , ) - salwin,J0)

clthough the oquality IT.3 dses met hold, in gemesel, if the A's are
ot dotted.

1f Alwex,v).I'] 1s weewmalised, it corvesponds to & sert of dives-
tional derivative; end if lel 1s emell,

4) alwin, 9 ] ¢ aalwex.v).r)

ha’dm.

III. AB APYRIEDNATING PUNGEDES

¥ will dovelsp s Sypleal appeeximsciag fumstien. Owr choiss een
be imprewved, but it is illuwstretive.

Ve ave consevand with en isterval, [0,v]. les B be & pesisiwe

integer. We dofine o otup sise, b = ¢/N , and Gov cach ifmmeger & ,




ty isthe mmbar Wh . Por aseh integas k , ws dnfiine

() =t -t 1f ¢t fs in [tk.l;:.]
“t "t 1f ¢t s in tt...t.ﬂ]

-9 otherwise .

Por overy soquenes, C , of nmbers, wvhese c-(c'):-o . W8
dofine ['(C,t) oo b9 the function whese walus ot t fis:

c,?'(t)

1

thea [(C,t) is a polygemal fumction smsh thet t‘(c.:,) - c’ 1f

0Sp SN , and T(C,t) can Ve cmprecsed ae ths integrel of s step

fumction, all of vhess jumpe are at the poimts !' o O Sp el

IV. A LDNEAR ALGESIAIC EXFRESSION FOR i

Suppose that iz I1.1 and I1.2, we Cahe [' ¢o be & polypsusl fume-

tion of the form TI(C,t) , with €= {c’}‘ . Thea fyem II.é:

o




e o i A 2 S

= gl

alwix. v, &) & aalwex,0),r)

;e [ o :
| I. [(r-0) T(s) eos x(s)} 1’; 0} +

: | - I. ((v-) (o) ota x(e)} {is'.u} '™

-
" Crce) e x02) {5 @ v (sd} a0 ’
a. o) e {i"’ } f,
P‘ ' %4
- ] tr0) m xier} { .; Qv @} e
-
( [ e o) e vt &
. . J': (1-6) T(s)y,(¢) otn X(s) s
-e) ¢ ,
e ’ i v !
- j. T(o)Y (s) eoe X(6) do ,
I« d
Lo [ ttere (a) ota xte) & :
a\ ® | 4 , ;

Now for each ssmtyel fumstion, X , defined oa [..v]' + vo dodine

an associsted & X [Mel] mmtriz Mix) . whese sompemsats ere as fellews:
If 04k SN, thes

by



-t

rf
(1 IO

J {v-9) t(-)\'t(a) oss X{s) @
v ] .

oY :
umz'k - - jo {r-8} T(I)V.(l) ein xX(s) d&s

4

uw, A - I' ﬂo)yk(-) sos X{(s) do
K 4

09, ) --f. (1) vy (o) otn X(s) do

It is wotewerthy that cadh of the 4N integrals {awived ia thie
dafinition is simplified by the foct that v, (8) = O 1f ¢ 1is wet ia
[ty ;o%y,1): The compusing task iwvelved is appremisately thet of
integrating cight times aswess the istervel [B,v] , trveepestive of
;-uu.c §.

Ia precties, on apprenimation vill ccewr whad the clamsnts of e
matrix N(X) ore computed. Blsvegarding this letter appreximstics, we
:

a*) A9, ‘.d('!l.ﬂ.l‘] - e .

were I = I'(G.2) ant a-(e’x:,. is vegarded 65 & eodumn vester.
M,Mﬂ.ﬂ.thpru‘m-

2) - alex, 1), ar(e,t)) & ax)e

V. TR T relt UEMEY SHBEEIN

This 1s the f09t of O onmples ia vhich Us sgproninstion V.2

1s appliod to cbtnin ¢ ltmmer algebrate fesumiotiun of o preblen ta dif-

g gl

o .m};._;iﬂfﬁx@m;%mu@_@ IR

-




(1)

(2)

ferentisl equations isvelviag asn-limsar ocsutrels. B cae & familier
problem.

The space vehicle is required to have vehicle sserdinates l‘ at
s specifield time, t = ¥, - X is the fumctiom of tims vith the prop-
erty that if the vehicle hes wehicla coordinstee X(t) ot times ¢ ,
then it will resch l’ at v, by uapowsred fiight. Z(t) 1is epec-
{fied to be a single peint, for cach time t ; iw prestice, x(t) way
be chosen ia the cemter of a set of permissible peints.

e assume that it {s knowam that there {s sems comtrol fumctiom ¢
sech that the associated trajectory W(4,c) has cutoff tims ¢ and
W(e,T) = X(%) . That is, ve assume that the quastion of sxistance has
besn decided. and it s desired to cemputs oue of the solutions that
are kmowa teo exist.

Ve checse & stavrting fumstisn, ¢ , subjosk 3o wild restrictions:
If o 1is slowly verying, We) (cf. IVv.1) ecan b csmputed were
sccurately; 1f ¢ is fairly mees the finsl solutisn ebtsined, the
sethod will vork more rfficiestly. The vebicle ssecdimstes at t = 0

are kaown, heancs we oam osupuis them &t tev.

Yo now wish to find ¢ Sumetien r@,c) , end Lf ascssssry s mmsber,

¢ , 0cesl , sumh thet Wigha'(c,8), %) ts cloger %0 X(Y) Whem
Wp.t) . [(E,¢) 1s dasssnined by sur chelce of € ¢ ont to obtaia €
we selve Shs eguetiem: |

We)C = X(v) - No,7)

Wausxt chesse ¢ , 0 <e¢ 1 , so that

Wy, ), e (C,x) ] & @ilg)C ,

nmn\mmua.z.uupdmmbu:aw.

i
!
|
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in this paper, to expssit criteria for evslusting whether oa appresias~

tion of this type 1s “good™).
When C and ¢ have besa 5o determingd, we hows:

A[Ml')n‘r(ctt)] 4 o{X(v) - m!')) .

which yields (mots def. 1I.1):
W(c+el (C,t),v) & W(p,v) + ¢(X(v)-Wyp,*))

If e= 1 , and the spproximatien (a step 3 {9 sufficiently goed,

the problem is solved, since {m that case, V.3 reduces to
W(prer(C,t),v) & X(v) ,

whare the spproximation is suppesed geed.
If €= 1 , but che appreximatioa V.3 s met sufficiently acewrste,

or {f e <1l , the precodure amy be rapested, wolug ¢ ¢ €« as the asw

starting function.

vi. TEE YOME OPTIMAL PROBLEM

Suppose that we have cbuhol (by thbe calculatieas sutlined {a sec-
tion V, or otherviss) & seatrel fuaction, ¢ , Whees assecisted trajectery
W(p,t) bas cwtoff ot X(v,) whea ""o .“ummml—l
cutoff time, withk X(t) as ia sectica V.

That fs, W(p,t) is & trajectery vhich senpletes the missisn swc-
cessfully, dut sot tims-eptimelly with respect te oudeff.

We wish to find & fumction [ ond an sppreprists fector, ¢ , oo

that at soms time v , aatecedeat to s, Wa will have

.
7 L+
Wi(grel,v) + X(v) , the sppreximetica withis the aesuresy requiremsats

of the pntl‘,, :



Proceeding, we have, for <+ ngar <«

0 :

W(ot(r-1)le7) - W(onv,) = Wigt(T-1,00,9) - W(gt(r-v ) .v)

(H ‘
+ Ao (r-g) v ) - Wi, v,)
If }v-vof is small,
(2) R(e:*(v-vo)r.‘v) - H(::*(f—?o)j',ve) s (v-vo)fi(w(v—'v‘})r.?o)

is & good approximstion {we still have not developed specific criteris

. to detarmiune “hat 15 & Jo-d approsication). If we further prov.de

that 7 {3 rerc .n & ‘ei,hborhood of T, ({ e., by setting
CS = Cg_1 = 0 |, where T(C,t) ), then
6) Y@ (-7 ) utg) = W(o,7g) .
Also, if 31-70! is smmall, from IV.2 .
/ - T - - T - -
(4) At (r-v)Ta7g) - Wigaw ) & (-7 IN(w)C

is a good approximation, where T ® T(C,t) . Now combining ¥1,2,3.5,

we have
(5) H(w(v-¢°)r(6.t),i) 'i.ﬂ”’o) = (v-to)éivovo) + Ar-rin(e)C

wvith the approximetion good {f 2”&03 1s suisll. Note that we have make
o reqnirmnu on C‘ 'm far, except that c"- c!_l -
| Now we wish te ‘wum !aftehmﬁd ‘side of V1.5 with X(v) - X(fo)

0.

Since we have not detsarmined + , excent that it lies near T, + e make

the final approximation:

(6) I(r) - X)) & (r-tﬁ)t(va)‘ -




&)

ik

ims order to obtaim X{v) - l(vo) as s function lisess (a (Mo) .
Kow we can appreximately equate the left-hand sides of VI.3 and

V1.6 by settiag the right-hand sides of these squations equal. W thea

transpose to obtain:

(r-rN(2)C = (r-1)) [K(r)-W(pprg)] -

(v-t,) may be causslled from both sides of equation V1.7, snd the
o

resulting matrix equation datermines C , regardless of the choiece of

v, fl.e.,
M(")C = [X(rg)-W(o,v)] -

Counssquanatly, wa could hove camputad C &t the sutest. Owr cheice
of ¢ 1is governsd ouly by a desire te kesp Whs egpremimstions VI, 2,4,6
within our accurecy reguiremants.

Baving chosen v , We @SR improve owr cheies of C by revertisg
to the calculations of section ¥V, {f desirabls. Stherwise, we can repeat
the procedure of this sectisn watil we are suitably mear the eptimal ceut-

off time.

VII. NMEERARCE PROPOSALS

™he ssthed outlined in the previcws sections is quite geasral; end
it can be sdapted te othar predlems in ceatrvl theery them the two by
whiich we have {llustratad {t. It weuld matwrally bg desireble te exprese
the method in A more gansral setting, to facilitats Li8s applicaties e
problens which may arise is the futere.

0f more famadista interest 1is the preodlem of duvelsping specifie

steps which will ounsbls us to wee the mathed, & sutlined, is the form




of & sequencs of mmerical algorithms. mgittﬁdﬁcwuc
cemputational device will be suppressed wnmtil ws have sshisved & oou-
venient means of messering and r;strictl-‘ the ervor asseciated vwith
mmtn“cnun-ttou. At the same time, the msthed sheuld be
accessibls te the sveilable computiang facility.

hm.um“mmumﬁu-n‘.uum
mm-.tm'nauwtortmmmnmuw. In
m:tu.nmmutumguuuumnuu.
balance betwasn spesd sad accwraey.

The predlam {s difficult, end it will {avelve sems complex mammer{-
cal studies. Te eash varisties im step sise, b , @9 im ecestism IIX)
and choice of ¢ in sppreximetions of We ferm II.4, or ia rsiated
mh:tm“uﬂ.?.nmmh“&m
spasd and another vales for ccsurecy, wntil we Geve eswuved whetsver
proves to be the ramge of isterest.

mpxmxnuwnmumum
wa‘ttcwhudu;mm(u-umm
aaed a0t sxist &t the g;mmmunnm.

e should dotomning whes it is better to» tsha G emsll stepes with
-llmﬁut-ﬁ”mﬁc—m.wmﬁ
secsnd step SEpEOve upse She assuresy of ehe fiwes. Shat is, wm dweld
doternine vhen, 41 over, it 1o dosirable 00 ks ¢ < 1 1a approuine-
tions of the ferm .n.t. 4 |

nw:unwu.fmh".tu.”h-ﬂvﬁn
1MMM~;wuuu¢“ﬂlol~~tlw
Mﬂnm:u-otkaﬂh“.u-u“-a
answer is aveilsble. Giher apprecches to the limmer slgsbraic preblem
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sheuld be cousidered, with the point of view of finding “safe” solutions
(trajectoriss ou which smsll deviatiocms will mot drsstically incresse
cut-off{ tims, or ruin the mission).
AWMO!&.uWﬁ litereture has not bees mede.

 Another preblem 1s that of exteadiag this methed t» mere genersl
settings: iIa perticular, te the rownd-sarth problem. This extension
has not, as yet, been attampted. The power of the method dopends in
large measure wpomn being able to ampress ian closed ferm the trajectory
associated with a specified guidsmece function. HNowswer, the solutiom
to the round-earth problem can ba found 23 & perturbation of the seole-
tica of the flat-esrth prodblem, and it may be possible te iamcerperats the
appropriste pertwrbetion precedures into the mathod already given, te
preoduse a single computsticnsl slgorithm fer the whole predlem. Such

an {nvest.gation would de & legical continuation of the resssrch already

propesed.

m.umammmmuudmmu
relevance, both te the prablene by wich it s 11)ustzuded, and te
preblems vhich may arise in the field »f assu-lisser differential eceutrels.

o
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Enclosure 111

PRELIMINARY INVESTIGATIONS OF A METHOD OF DETERMINING
RSsT PREDICTION EQUATIONS

1. Iatzedectien.

A frequant preblem encountered im computer work is that of
finding the best equation to be used for predicting the velue eof 2
depondant verishble, y , knswiag the valuss of several independent

varisbles Sy0 By0 00 S - ™his equation wually takes the form

ye- blxl(.) + b'x‘(‘) + b.x.(_‘) + e (1)

where the x’(])'t are known functions of the independest wector s ,
the bj'- are psramsters to be detarnined frem cbesrvad data, and e
is the error of predietion. Wnile it is generally considered sdequate
to ﬁth‘u the b's by & lemst equares method, it 1is often als» de-
sirable te include in the eqguation only as many varisbles as are wneeded
te predict y adeguately. Thus arises the question of which X's wmay
be emcluded without adversely affecting the utility of the predictioa

oguation.

2. Irssset Stesvies Nethede.

T™he question poced sbove (s by 20 mesas a maw preblem. JSeveral
stapuise mthods for duniding whick varisbles to ifsclude im a prediction
oquation bave besn smggeeted aand discusesd fiu the litevature. Prehabdly
the mest videly used mathed {s Shat suggested by Efveyusen, cslled by
coms the "step forwind sad review” method. This methed iantreduces a
sev vartsble (sew referring o0 She X's as independent verisbles ia-

.otend of the s'c) inle Whe equatisa st coch step, dheesing the mev

Whnnﬂm“l*tmhﬂom-.o!mo

fs & uanismm. umu.wwumm the decision
to fncluis & (pHIVN wriabls 1s mede {f the additisusl reduction ia
the errer oun of squeres is sigaificest accevding to the wewal statisti-
eal F test. Aftar the sdiéitios of & new varishle, the cestridutions
of the other varishlss ase re-susnined te dstsruine whether ens of the
origina]l p verishias cam mow be emcluded frem the equetisn without

ssusing a significast chemge is ths error sum of squares. The precedure

O i




halts when 7o verisble caa be dvepped and mo sew warishble cam be added
to the equation. 4ll of the other stepuite-sthode ave variations of
this s—:h-vntn‘mqmmmuw>hwn-.¢!
the old varisbles deleted sccerding to sems criseries of significemss.
Thus cthese stepwise methods arrive at similar points: we have @
p-varishble squation and alteration of this sqution by deleting ome
of the p varisbles or by adding one nev varisble dese met produce a
significant improvemasnt.

3. Ihe Propesed Meghed.

At the ceaclusien of asy of the stepwiss precadwres meutisasd
sbeve there are several impertant questions left wasnswered. /imeng
these are:

(a) Since we seem to be s”wck with a p-varisble equatiem,

is there any cther combination of p wariablss that
yield & batter prediction (as mcasured by the erver
sum of squares) them the p-veriable solution te the
stepwise precedure!?

(d) Is chere ggpy emmbimation of (ptl) verisbles (wot msces-
sarily dertwadle by adding cus uaw varishble te the »
varighles alveady in the equation MRSt yields a signifi-
cantly bstter predicition than the stepwviss selution?

(c) Gam the prediction be significently fmproved by sdding
sere thea ens varishble te these in the stepwise selwtien?

The pregoced ssthed answers the first tw questions by epera-
ting on the prismciple that AL wp guat heve A »-varishle sensiiecn. ihes

% _ghoeld wos that selviam:irs of » wariadies twk mininises She ecver
mn of senereg. Tms at eash stage we should be coupariag the “best”
combisation of (ptl) vwerisdbles vith the "Bast” csubisstion of p ver-

1ables whote "Deat” 1s defined ia terws of minimam evwer owm of squares.

The answsy to the third questieon vill be datermined by the criteriea
for stcpping the stapuiise precedurs.

The hey ts the viels presedurs is the dovelopment of s feoasti-
ble algoritm te !hi that esnbiastion of p warighles ewt of s possi-
ble = vartables that minimises the errer owm of oqguares. This ceuld,
of wn.hml&“hml&thm”h cdtnthuo(

it &;ﬁlﬁ-"‘h’

i
3
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p variables, but that is out of the questice of feasidility sinee the
number of combinations i{screases excessively with =. The suggssted
sigorithm will be developed by demoustrsting the equivalemce of the
least squares technique and the limear programmisg problen of maximi-
sing the fuaction

Le '1'1 + ‘1‘1" e & |.b-
subject te the restrictisas
Ab S

where the vector b 1is the soluties vecter, § is the right-hand side
of the normal equations of the lsast squares techmique and the matrix
A results from s wodification of the normel squatioms. The restriction
that there be exactly p veriables in the equatiem caan be imposed by
adding nev restrictisas or by sitering the simplex slgerithm for scl-
ving the linesm: pregremming preblem.

Contimustion of the isvestigetion of this mathed vill inclede
formslising the procedurs and prowisg ite results, thea dmemstratisg
ite utility and fessibility by empirical csmpariscm with preseat step-

wise procedures and with ths algoritim fer penerating all possidle com-
binations.

i W i YAt




Enciosure IV

MATREMATICAL SYMBOL MANIPULATION BY DICITAL COMPUTER

At the expiration of the Contract RASS-1528 oa 30 September 1964,

The Computatios Cemter was completing work om @ seriass of gemeral algo-
rithms that wuld simplify any givem algebraic expressisn through the
collection or camcellatiea of like tarms snd by fastering out commen
terms. These algerithme were based om the repested applicatiou of the
communicative laws of addition and muitiplication and of the distribu-
tive law and were general in the seuse that they wers not restricted to
the manipulation of a rsstricted clase of cﬁrcuhn:. ¢. §., polymom-
ial sxpressions, etc. In additfon, they were designed to be wsed in
conjunction with the previowsly cempleted algerithm fer ﬁrfoulu
analytic differeatiation ia order that & gemeral symbel manipulatien
package could be developed. Work on these algerithms was completed ia
October, 1964 and devalopmeat of a computer program feor the implements-
tion of these algorithms was begun. Thees programs mciuniully com-
pleted sarly in 1965.

In additien to the above research the Compwtation Center hed
been ucip.‘ te uth oma oﬁeilk synbol menipulation problam thet
had hn eacountered in the work of another coatractor. This problem

can best be explaingd in terws cof the followiag thres expressions:
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The probtlem was to make the varisble sebstitutions given in ex-
pression 2 i{nto expression | and them perform the necessary muitiplica-
tions, cnllaction‘wd canccllction of like terms, recoguition of trig-
onowetric identities, and factoring to nrrtv“ at expression 3. It was
necessary to perform thess opctationo'cn large sats of such exprsasioms
with absolutes accurecy.

In order to do this work on a computer the following algoritims,
applied in the order listed, would be needed.

1. an elgorithm to substituta the equations in exprsssion 2
for the defined vaxisbles appearing in expression 1.

2. An aslporithm thet would sultiply out all perenthesized
terms.

3. Algoricthms that would simplify the expression resulting from
the sbove mmitiplication, by the cellesction or cancellation
of like terms.

4. An slgorithm that would atqiify the products of trigono-
metric texms by the application of the appropriate trigono-
meatric identifies.

5. An algorithm to fector out like expressioms.

Since the algorithm nonded for 1. ie casily deweloped and not fmmedi-
ately necessary, werk om it was postpomed. 7The algeritihms needed for
steps 3. ud 5. are the same omes that were developed in the previowsly
described mol maxnt“ ml “

Upon a-pltzm the simplification snd facterfing slgorithms in

October, m{ dsniu-—t of & -iltipuutim' algorithm was begun. Work
on this algeritm was compieted in March and as this rqﬁrt period

gnded, the LACEESATY cOompisier yngr-: for the impiementation of the

algorithm was nearing completion.




As the work on multiplication movwed into the implementation
stage, developmant work was begun on the algorithms required to per -
form the trigonometric simplifications. By the end of the report

period, this work was well underway.
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: - : ' Enclosure V¥
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A TREASIBILITY STUDY ON TIG MSVILORMENT OF COMPUTER
AILGORITING TO PERFOEM SYMBOLIC INTEGRATION

I. Istroductien.

Te dats the Omputatien Center has developed and implemented
an slgoritam for perfosmiang amalytic differeatistiea by ssmputer and
algorithms te do algebraic simplification of oquations threugh the
collection and camcellistion of commen terms. VWerk 1s curremtly umder-
way of the problems of mmlitiplying ceut comples peremthesised enpres-
sions, varisble transfcrmstions, sad simplifications of expressions
by limited trigomemetric idemtities. It {s plammed te exteand the
scope of' the current prejects and efferts to ingclude symbelic inte-
gration, simplificstion of enpreseions by move gemersl trigomsmetric
identities, usmipulation of series, and the inssrperstisa of these
verdous algoritime iate the bedy of an algebraic csmpiler s0 as to sdd
analytical capsbilities to the mow existiag cemputstiecasl capabilities
of these compilers.

The remsinder of this report discusses the propesed sppreashes
for attacking the preblas of syubelic imtegratiss ea & ssmputer.

One setind dw to this problem thet cthrn partial 1

results is through (Ih‘ une of the operatiemm] veni.-tp for the amti-
derivative operator, D‘l‘. These mathods ars particularly useful
with & fairly restricted set of functises for which iatagratiom by
parts is normslly required.
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e F 15 eaxprecsible as a sum.

g0 there v 8 positive number ° < ! and a positive number I < . ta

for sutficientily iarge N,

A

£
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‘o the inlerval sncer ¢onsiderat o).
Formulia | {s umed o ol talr an INcXACT SO'UTi N nCe & suifanle
polynovaial approximation G@ . nave teen cbtainec for @ﬂ . s eacr
Such procedures can possibly "¢ standardized, but tnere ave va
ious,dfawbaéks: Aawlicihle cemputer aigorithms must be designed 12 su

cessfully test for the inequality 2}, to formulate tne BppTor mal g

momidls, the inhen to spply Formula 1. However, certai c asses -7

. TLtions van ke systemat caily inciuded in the class of functions -
fef vy Tne Thequallbty 427 (e g, . sin X, (o8 Kx, $'0k KX ..o ea -
: C . : . . kx
R 3 .08 ¥X ‘or ¥ ot 4, and e or w

this »:tension could prove fruitful.
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IV. & Case in ihigh the Gperatiens! NMethed Puils.
Supposs ¥ l-omtm&iﬁmkmxuam:d

the form 7 = ¢¥C , where C is integredle and ¢ s differeatisble.
Then

0™l = p7M% < Pfplen]le

Fow [a"w]'lc fs the function § sueh That h‘m-c. 8 way be

selved formally: Ew e ¥ "% ., wia plaldn
plr e PplenTic - e ® fdele%a-nly

The formsl procedwre owtlimed dees mot give s simple form fer ly,
unless H , in oquation (3), hat ¢ simple form. This {5 the case
wheo C is & polymsminl, and 1n this ssse D7 cen be evelmsted by ]
the use of squatien (1). Gmhavwise . “',5‘

TR )

and the problem of ewalmting '*l’ still remaine.

V. Otieg Approsstps %9 ihe Neebise.

n-.h“:a-humum.u-ubhd
nu:tniy!-pcinnﬂm umﬁhnhtm..q
ammukmnhmhu%umw- .
tiousl caiceles. Such 8 stedy wey be frutvdul, hewsver, independent of
the reitkgitﬁd by opeationsl methods.

M@mt,m“ﬂnhamwﬁc*y
puting exact hmt:ahhmw-qpm
ngxmwudmnmmmmwm
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terms of kaown functioas,

to & fairly vide clase




